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Vector of observations

n — the number of independent objects, for which we measure a feature
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Vector of observations

n — the number of independent objects, for which we measure a feature
y = . ~ NTL(I"’) UQITL)

[ — mean vector:  p = pul,

uw=A~vy, A:nxm
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Vector of observations

n — the number of independent objects, for which we measure a feature
y = . ~ NTL(I"’) UQITL)

[ — mean vector:  p = pul,
w=Avy, A:nxn

o2 — variance of observations
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Matrix of observations

n — number of independent objects
p — number of observed characteristics

Yoo Y2 oo Yy
Yor Yoo -+ Y

y=| 00 T~ Ny (ML)
Ynl Yn2 an

M — mean matrix

K. Filipiak (IM, PUT) mation in multi-level multivariate MET 2019



Matrix of observations

n — number of independent objects
p — number of observed characteristics

Yoo Y2 oo Yy
Yor Yoo -+ Y

y=| 00 T~ Ny (ML)
Ynl Yn2 an

M — mean matrix
W — dispersion matrix of characteristics (the same for each object)
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Matrix of observations

n — number of independent objects
p — number of observed characteristics
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Matrix of observations

n — number of independent objects
p — number of observed characteristics
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Y = :21 :22 . :217 ~ Nn,p(Ma Ina \IJ)
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Matrix of observations

n — number of independent objects
p — number of observed characteristics
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Yor Yoo -+ Yy,

Y - ~ Nn,p(Ma In7 \IJ)
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Matrix of observations

n — number of independent objects
p — number of observed characteristics

Yiu Yio -0 Yy
Yor Yoo -+ Yy,

Y - ~ Nn,p(Ma In7 \IJ)

Ynl Yn2 an
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Matrix of observations

n — number of independent objects
p — number of observed characteristics
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Matrix of observations

n — number of independent objects
p — number of observed characteristics

Yiu Yio -0 Yy
y= |2 e v e
Y Y - Y
M = (uln, . pply) = p' ® 1,
M = AT, A:nxn

M = AXB/, A:nxn, B:pxp
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Matrix of observations - vectorization

n — number of independent objects
p — number of observed characteristics

vecY = (y’l, . ,y;)/
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Matrix of observations - vectorization

n — number of independent objects
p — number of observed characteristics

vecY = (yi,... ,y;)/ ~  Nyy(veeM, ¥ ®1,)

M=y ®1,: veeM = up® 1,
M = AT vecM = (I, ® A)vecI’
M = AXB: vecM = (B ® A)vecX
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Tensor of observations

n — number of independent objects
p — number of observed characteristics
¢ — number of time points
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Tensor of observations

n — number of independent objects
p — number of observed characteristics
¢ — number of time points

Yilj Yv12j }/ip]
Yj _ Y21j Y1:2J Y2pj
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Tensor of observations

n — number of independent objects
p — number of observed characteristics
¢ — number of time points

Yii; Yoy Yipj
Y, = 2;” 1:2j . 2:29] ~ Npp(M, T, ¥)
Yoij Yoo Youpj
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Tensor of observations

Yiij .o Yipj

Visualization of a third-order tensor ) € R"™*P>4
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Tensor of observations

n — number of independent objects
p — number of observed characteristics
¢ — number of time points

y ~ Nn,p,q(M; In,\I’,Z)
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Tensor of observations

n — number of independent objects
p — number of observed characteristics

¢ — number of time points
y ~ Nn,p,q(M; In,\I’,Z)

M — tensor of means
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Tensor of observations

n — number of independent objects
p — number of observed characteristics
¢ — number of time points

y ~ Nn,p,q(M; In,\I’,Z)

M — tensor of means

W — dispersion matrix of characteristics (the same for each object and
each time point)
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Tensor of observations

n — number of independent objects
p — number of observed characteristics
¢ — number of time points

y ~ Nn,p,q(M; LU\I’,Z)

M — tensor of means

W — dispersion matrix of characteristics (the same for each object and
each time point)

3. — dispersion matrix of time points (the same for each object and
each characteristic)
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Tensor of observations

n — number of independent objects
p — number of observed characteristics
¢ — number of time points

y ~ Nn,p,q(Ma In>\]:]72)
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Tensor of observations

n — number of independent objects
p — number of observed characteristics
¢ — number of time points

y ~ Nn,p,q(Ma In>\]:]72)

M=[X;A B, (C]
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Tensor of observations

n — number of independent objects
p — number of observed characteristics
¢ — number of time points

y ~ Nn,p,q(Ma In>\]:]72)

M=[X;A B, (C]

A:nxny,, B:pxp, C:qgxq
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Tucker operator [X; A, B, C]
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Tucker operator [X; A, B, C]

[X;A,B,C] — trilinear tensor product X from each of three "sides”
respectively by matrices A € R"*" B € RV C € R4,
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Tucker operator [X; A, B, C]

[X;A,B,C] — trilinear tensor product X from each of three "sides”
respectively by matrices A € R"*" B € RV C € R4,

ny  pPi q1

([x; A, B, C]])ktij = Z Z Z @kabigCinTapy

a=1 =1 =1
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Vizualization of Tucker operator for third-order tensor

y c R*pP%q

n E() A | ™ w7 B’
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Tensor of observations - vectorization

n — number of independent objects
p — number of observed characteristics
¢ — number of time points
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Tensor of observations - vectorization

n — number of independent objects
p — number of observed characteristics
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Tensor of observations - vectorization

n — number of independent objects
p — number of observed characteristics
¢ — number of time points

y ~ Nn,p,q(Ma In>‘II72)

vecY ~ Npyy(veeM, XU RI,)
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Tensor of observations - vectorization

n — number of independent objects
p — number of observed characteristics
¢ — number of time points

y ~ Nn,p,q(Ma In>‘II72)

vecY ~ Npyy(veeM, XU RI,)

vecy ~ Npp((CB ® A)vecX, TP ®1,)
vecy ~ Ny ((C@B ® A)vecX, 2 ®1,)
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Vectorization

Definition [Kolda and Bader (2009)]

For the thir-order tensor J = (ypij), k=1,...,n,i=1,...
j=1,...,q, vectorization is defined as

p q
vecY =Y D Ykij€iq © €ip ® ek,

with e, , being 7" column of identity matrix L.

7p'
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Variable: temperature
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Variable: temperature
n - number of lakes
p - number of depths, in which temperature is measured

g - number of time points, in which temperature is measured
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Assumptions:
@ polynomial trend of p; — 1 order for the depth
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K. Filipiak (IM, PUT) Estimation in multi-level multivariate model MET 2019



Assumptions:
@ polynomial trend of p; — 1 order for the depth
@ polynomial trend of ¢; — 1 order for time

Model (Srivastava et al., 2009): FE(Y;) = BXC'

E(Y)=[X;1,,B,C], X: 1xp xq
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Assumptions:
@ polynomial trend of p; — 1 order for the depth
@ polynomial trend of ¢; — 1 order for time

Model (Srivastava et al., 2009): FE(Y;) = BXC'

E(Y)=[X;1,,B,C], X: 1xp xq

1 by - ! 1 ¢ --r 71
B — 1 b2 e 21_1 C— 1 Cy -+ Cgl_l
1 b, - bgl_l 1 ¢y -+ Cgl—l
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Assumptions:
@ polynomial trend of p; — 1 order for the depth
@ polynomial trend of ¢; — 1 order for time

@ additional trend between lakes, which depends on location
(north/south of Sweden)
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Assumptions:
@ polynomial trend of p; — 1 order for the depth
@ polynomial trend of ¢; — 1 order for time

@ additional trend between lakes, which depends on location
(north/south of Sweden)

Model:
EQ)=[X;A,B,C], X: nXpxq
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Assumptions:
@ polynomial trend of p; — 1 order for the depth
@ polynomial trend of ¢; — 1 order for time

@ additional trend between lakes, which depends on location
(north/south of Sweden)

Model:
E(y):[[X7A7B7C]]7 X ny Xpr X q
ny
A =diag (14, 1y, - 1y,), Y ui=n
i=1
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Multi-level multivariate model

y ~ Nn,p,q([[X;AaBac]] ’ Invqlaz) }
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Multi-level multivariate model

vec ~ Nup((COB®A)vecX, 0¥ o1,) }
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Multi-level multivariate model

vecY ~ Npo((C®B®A)vecX, 2@ ¥ @1,) }

> € R77 — unknown matrix (p.d.)
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Multi-level multivariate model

vecY ~ Npo((C®B®A)vecX, 2@ ¥ @1,) }

> € R77 — unknown matrix (p.d.)
W € RP*P, Wy = 1 — known or unknown matrix (p.d.)
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Multi-level multivariate model

vecY ~ Npo((C®B®A)vecX, 2@ ¥ @1,) }

> € R77 — unknown matrix (p.d.)
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Multi-level multivariate model

vecY ~ Npo((C®B®A)vecX, 2@ ¥ @1,) }

> € R77 — unknown matrix (p.d.)
W € RP*P, Wy = 1 — known or unknown matrix (p.d.)

vecY ~ Ny((C®B® A)vecX, Q®1,) J

Q € RP*P4 — unknown matrix (p.d.)
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Partial trace operator

R — (RZ]) 6 Rnpxnp
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Partial trace operator

R — (RZ]) 6 Rnpxnp' R@j 6 R’HXTL

TI‘nR = (tI’R7J)
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Partial trace operator

R — (RZ]) 6 Rnpxnp' R@j 6 R’HXTL

Tr,R = (tI’R7J) e RP*P
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Partial trace operator

R — (RZ]) c Rnpxnp' le c Rnxn

Tr,R = (tI’R7J) e RP*P

The properties of partial trace operator — see

Filipiak, Klein and Vojtkovd (2018)
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Notation

G:m1 X Moy
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G:m1 X Moy

R(G) - column space of G
R*(G) - orthogonal complement of R(G)
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G: mi1 X My
R(G) - column space of G
R*(G) - orthogonal complement of R(G)

Po = G(G'G)~ G’ - orthogonal projection matrix onto R(G)
Q. =1,,, — P - orthogonal projection matrix onto R (G)
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G: mi1 X My
R(G) - column space of G
R*(G) - orthogonal complement of R(G)

Po = G(G'G)~ G’ - orthogonal projection matrix onto R(G)
Q. =1,,, — P - orthogonal projection matrix onto R (G)

H : my x my - arbitrary symmetric matrix p.d.
PG;H = G(G/HG)fG/H
QG;H =1- PGQH
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G:m1 X Moy

R(G) - column space of G
R*(G) - orthogonal complement of R(G)

Po = G(G'G)~ G’ - orthogonal projection matrix onto R(G)
Q. =1,,, — P - orthogonal projection matrix onto R (G)

H : my x my - arbitrary symmetric matrix p.d.
PG;H = G(G/HG)fG/H
QG;H =1- PGQH

G arbitrary matrix spanning R (G)
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G:m1 X Moy

R(G) - column space of G
R*(G) - orthogonal complement of R(G)

Po = G(G'G)~ G’ - orthogonal projection matrix onto R(G)
Q. =1,,, — P - orthogonal projection matrix onto R (G)

H : my x my - arbitrary symmetric matrix p.d.
PG;H = G(G/HG)fG/H
QG;H =1- PGQH

G arbitrary matrix spanning R (G)

. - _ p/
Properties:  Qpo =Ppr-1go, Qe = Pgoy
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DY) =2X¥ &I, - known

The maximum likelihood estimators of unknown parameters in the multi-level
multivariate model with known W have the forms

X = [V;(AA)-A (B'®'B) B'¥ L (C'STIC)C'STY] + @
—[9;(A’A)"A’A, (B¢ 'B)"B'¥ 'B, (C'S;'C)~C'S;'C]

~

an = Sl + QC’;SflSQQ,C;Sfl

with
S1 = Trnp |:{Iq X (‘1’71/2 X In)Q(\pfl/zB(gA)(‘I’il/Q X In)}VCCyVCC,y:|
Sy, = Try, [{Iq R (T2 RL)Py-12550(T * ® In)}vecyvecfﬂ

being p.d. matrices and Q is an arbitrary third-order tensor.

K. Filipiak (IM, PUT) Estimation in multi-level multivariate model MET 2019 21 /42



DY) =2X¥ &I, - known

The maximum likelihood estimators of unknown parameters in the multi-level
multivariate model with known W have the forms

[X;A,B,C] = [ViPa, Prg—1,Peg]
npS = S1+Qq518:Qp 50
with
S1 = Try [{Iq ® (T2 ©L)Qg-112554) (T /* ® In)}vecyveC’y}
S, = Tr, [{Iq ® (U2 QL,)Pg-1/2550(T 2 @ In)}vecyvcc’y}

being p.d. matrices.
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DY) =YX ¥ ®I, ¥- unknown

The maximum likelihood estimators of unknown parameters in the multi-level multivariate model with
unknown W such that )11 = 1 have the forms
X = [y;(A’A)"A (B 'B)B'¥ 1, (C'S;'C)-C's; ] + 9
—[9;(A’A)"A’A,(B'T'B)"B'¥ B, (C'S;'C)~C's;'C]
npf] = S35+ QC;S;1 S4Q/C;S;1
nqg¥ = Sj
with R R
S3 = Trap[{I;® (‘1’71/2 ® In)Q(\Tﬁl/ZBc}aA)(‘Ilil/2 ® I,) fvecYvec' Y]
Ss = Trpp[{Iy® (TV2QL)P G 112504 (¥ V2 @1,)vechved')]
being p.d. mit{ices and S; = > 1 _, 22:1 Tr, (Skgfk-g), where sy and IA“M are respectively (k, ()"
element of XX and np x np block of a matrix
vec(Y — [X; A, B, C])ved' (Y — [X;A,B,C]),
while Q is an arbitrary tensor of third-order.
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DY) =YX ¥ ®I, ¥- unknown

The maximum likelihood estimators of unknown parameters in the multi-level
multivariate model with unknown W such that 1), = 1 have the forms

[[%; A,B,C] = [Y¥;Py, Ppi-1, Pc;sgl]]
npX = S3+ Qc;s;lS4Q,c;S;1
q q
~ . =_1 -
b = 35T [(87), Bl

with ~
S; = Tryp[{I;® ( 2@ In)Q(\TJ*lﬂB@A)(\I’_I/Q ® I,) }vecYvec'Y]

Si = Trop{Iy® (B 2R L,)Pgo1/2pg 4 (¥ 2 ® L) }vecvec')]
being p.d. matrices and '} is (k, €)™ block of order np of a matrix

T = vec() — [[/'Tf, A,B,C])ved (Y — [[)AC';A,B, C)).
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Variable: temperature
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Variable: temperature

n = 17 — number of lakes
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Variable: temperature

n = 17 — number of lakes
u; = 7 — north region (above 60" parallel)
uy = 10 — south region (under 60" parallel)
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Variable: temperature

n = 17 — number of lakes
u; = 7 — north region (above 60" parallel)
uy = 10 — south region (under 60" parallel)

p = 3 — number of depths (0.5m,5m, 15m)
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Variable: temperature

n = 17 — number of lakes
u; = 7 — north region (above 60" parallel)
uy = 10 — south region (under 60" parallel)

p = 3 — number of depths (0.5m,5m, 15m)
g = 3 — number of time points (years 1990, 2000, 2009)
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e

Depth 0.5 Depth 5 Depth 15
Lake 1990 2000 2009 | Lake 1990 2000 2009 | Lake 1990 2000 2009
1 7.7 5.1 7.4 1 7.6 5.0 7.2 1 6.9 5.0 6.8
2 15.7 11.8 11.2 2 9.9 11.8 11.0 2 8.5 12.0 10.5
3 13.2 9.4 108 3 11.3 9.4 10.0 3 10.1 9.3 8.5
4 156 127 121 4 134 127 118 4 126 126 11.4
5 15.0 13.0 12.9 5 14.7 12.8 12.4 5 8.9 9.6 8.2
6 6 6
7 7 7
8 8 8
9

18.5 16.5 19.6 13.7 115 145 5.2 4.3 4.7
15.6 13.5 13.3 9.9 12.7 12.0 6.4 6.3 7.6
15.7 18.5 19.0 15.6 149 14.6 14.9 13.8 13.0

19.2 19.0 18.3 9 15.9 17.2 16.0 9 5.6 4.9 3.8
10 19.0 157 16.3 10 11.0 9.5 8.8 10 6.0 4.7 3.8
11 18.4 16.7 17.6 11 11.8 12.6 11.8 11 4.8 5.4 4.1
12 17.8 15.0 15.9 12 17.1 13.5 14.3 12 8.0 4.2 4.0
13 20.2 15.7 14.6 13 14.2 15.6 13.7 13 6.2 5.0 4.6
14 18.7 16.6 15.9 14 16.4 12.5 9.7 14 8.4 6.6 6.0
15 17.5 14.3 15.9 15 16.0 141 14.4 15 9.2 5.8 5.7
16 18.5 16.1 15.1 16 14.5 15.5 9.5 16 8.4 5.8 5.8
17 16.2 15.1 14.2 17 16.2 15.0 13.3 17 6.9 5.2 5.3
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L0 1 05 1 0
A=(07 17), B=(1 5], C=|110
1010 1 15 1 19

X }A(Z-jl - front slice, )A(ijg - back slice
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L0 1 05 1 0
A=(07 17>, B=(1 5], C=|110
1010 1 15 1 19

X }A(Z-jl - front slice, )A(ijg - back slice

()A( |X>— 13.949 —0.370 | —0.054 0.003
i 92) 7| 18.348 —0.708 | —0.092 —0.001

N 1.000 0.381 0.015 R 7.000 5.543 5.255
v =| 0381 0988 0.185 |, ¥ = 5543 8.527 6.585

0.015 0.185 0.574 2.255 6.585 6.992
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<5§“ Dz__)_ 13.949 —0.370 | —0.054  0.003
gt | 252 ) = | 18,348 —0.708 | —0.092 —0.001

Z111 = 13.949 — intercept for northern lakes (mean temperature at the beginning of
experiment, in 1990, at the depth 0 m)

191 = —0.37 — linear trend for depth for northern lakes

Z112 = —0.054 — linear trend for time for northern lakes

T10o = 0.003 — interaction between depth and time for northern lakes
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<5§“ Dz__)_ 13.949 —0.370 | —0.054  0.003
gt | 252 ) = | 18,348 —0.708 | —0.092 —0.001

Z111 = 13.949 — intercept for northern lakes (mean temperature at the beginning of
experiment, in 1990, at the depth 0 m)
191 = —0.37 — linear trend for depth for northern lakes

Z112 = —0.054 — linear trend for time for northern lakes

T10o = 0.003 — interaction between depth and time for northern lakes

Regression (d - depth, ¢ - time):

y=13.949 — 0.37d — 0.054¢ + 0.003t d
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<5§“ Dz__)_ 13.949 —0.370 | —0.054 0.003
il | g2 ) = | 18348 —0.708 | —0.092 —0.001

T911 = 18.348 — intercept for southern lakes (mean temperature at the beginning of
experiment in 1990, at the depth 0 m)

Too1 = —0.708 — linear trend for depth for southern lakes
To1o = —0.092 — linear trend for time for southern lakes
Tooo = —0.001 — interaction between depth and time for southern lakes
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<5§“ Dz__)_ 13.949 —0.370 | —0.054 0.003
il | g2 ) = | 18348 —0.708 | —0.092 —0.001

T911 = 18.348 — intercept for southern lakes (mean temperature at the beginning of
experiment in 1990, at the depth 0 m)

Too1 = —0.708 — linear trend for depth for southern lakes
To1o = —0.092 — linear trend for time for southern lakes
Tooo = —0.001 — interaction between depth and time for southern lakes

Regression (d - depth, ¢ - time):

y = 18.348 — 0.708 d — 0.092¢ — 0.001 ¢t d
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Y ~ N, (XA B,C],I,¥ %)
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Y ~ N, (XA B,C],I,¥ %)

YO~ N, (B AXVC, oI, %)
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Y ~ N, (XA B,C],I,¥ %)

YO~ N, (B AXVC, oI, %)
Y® ~ N, (AXP(C'®@B), I, @ %)
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Y ~ N, (XA B,C],I,¥ %)

YO~ N, (B AXVC, oI, %)
Y® ~ N, (AXP(C'®@B), I, @ %)
Y® ~ Nyp((Co A)XYB, 21, ¥)
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Y ~ N, (XA B,C],I,¥ %)

YO~ N, (B AXVC, oI, %)
Y® ~ N, (AXP(C'®@B), I, @ %)
Y® ~ Nyp((Co A)XYB, 21, ¥)
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Y ~ N, (XA B,C],I,¥ %)

YO~ N, (B AXVC, oI, %)
Y® ~ N, (AXP(C'®@B), I, @ %)
Y® ~ Nyp((Co A)XYB, 21, ¥)
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Y ~ N, (XA B,C],I,¥ %)

YO~ N, (B AXVC, oI, %)
Y® ~ N, (AXP(C'®@B), I, @ %)
Y® ~ Nyp((Co A)XYB, 21, ¥)
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Observations - matricization

p

Matricization: Y; € R"*? written one under the other — we obtain
Y1) ¢ Rrrxa
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Observations - matricization

Matricization: Y, € R"*? written:
one next to the other — we obtain Y2 € R4
one under the other — we obtain Y € Rn¢x»
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Y ~ Ny, (XA B,C],I,¥ %)
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y ~ Nn,p,q([[X;AaBJC]] ) I?”w‘:[’aE)

YO VN, (BoAXVC, ¥aI,, )
Y® ~ N, (AXP(C'®B), 1, Q)
Y® ~ N,,(C®AXPB, Z®1,,¥)
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Theorem
The maximum likelihood estimator of unknown parameters under the

multi-level multivariate model Y with dispersion matrix
D(Y) =Q ®1, have the form

X = (A’A)"A’Y?S;Y(C @ B){(C'® B')S; (C®B)}~
HAZ, + AZy(C @ B

nQ = Sg—i—QC@B;Sg]Y()PAY Qliop,s

with S3 = Q AY being p.d. matrix and Z, Z are arbitrary
matrices.
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Tensor of order k > 3

y ~ Nn’pkih__ﬂpl([[.)(; A, Bk:—l; ceey Bl]] 7In; \I’kz—la ceey ‘I’l)
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Tensor of order k > 3

y ~ Nn’pkih__ﬂpl([[.)(; A, Bk;—l; ceey Bl]] 7In; \I’kz—la ceey ‘I’l)

A € R B; € RP*Pi — known design matrices
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Tensor of order k > 3

y ~ Nn’pkih__ﬂpl([[.)(; A, Bk;—l; ceey Bl]] 7In; \I’kz—la ceey ‘I’l)

A € R B; € RP*Pi — known design matrices

X € R" *Pr17 %P1 — tensor of order k
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Tensor of order k > 3

y ~ Nn’pkih__ﬂpl([[.)(; A, Bk;—l; ceey Bl]] 7In; \I’kz—la ceey ‘I’l)

A € R B; € RP*Pi — known design matrices
X € R" P XP1 — tensor of order k

W, € RP*Pi — known /unknown matrices p.d.
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Tensor of order k > 3

y ~ ]\/vn’pki1 ..... p1<[[X; A,kal, .. .,Bl]] ,In, ‘I’kfl, ceey \Ill)
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Tensor of order k > 3

y ~ Nn’pkilw..’pl([[)('; A, B]{fl, ceey Bl]] ,In, ‘I’]{fl, ceey \Ill)

DY) = V1 ®--- ¥, 1®1, W unknown
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Tensor of order k > 3

y ~ Nn’pkilw..’pl([[)('; A, B]{fl, ceey Bl]] ,In, ‘I’]{fl, ceey \Ill)

DY) = V1 ®--- ¥, 1®1, W unknown
DY) = 1 ®@ - ¥, 1®1, W, ¥, unknown
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Tensor of order k > 3

y ~ Nn’pkilw..’pl([[)('; A, B]{fl, ceey Bl]] ,In, ‘I’]{fl, ceey \Ill)

DY) = V1 ®--- ¥, 1®1, W unknown
DY) = 1 ®@ - ¥, 1®1, W, ¥, unknown
DY) = Q®1IL,, € unknown
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Tensor of order k > 3

Y~Nup o ([XABi1,...,B1], L, ¥y, ..., ¥)
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Tensor of order k > 3

Y~Nup o ([XABi1,...,B1], L, ¥y, ..., ¥)

Matricization:

k—1 k—1
Y ~ ank—l---p27p1 <<® BZ %Y A) XBI; ® lIJz & Ina q’l)
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Tensor of order k > 3

Theorem

The maximum likelihood estimators of unknown parameters under the kth-level
multivariate model, k > 3, with the dispersion matrix D()) = ¥, @ --- @ ¥, @ I,
W, unknown, have the forms

X = B¥'BeAA)- (B 'eA)YDS;'B|(B,S;'B))"
+(BT 2@ A)Z, + (BE V0 A)Z,BY
ap®, = {Y - (B AXB Y (T ' oL){Y - (BoA)XB,}

with S4 = Y' (72 © 1,)Qy-1/2pe) (¥ 7?9 L)Y, B=Q,5, B, ¥ = ®;5, ¥,
and p = py---pp_1 Is p.d. matrix and Z, Z are arbitrary matrices.
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Tensor of order k > 3

Theorem

The maximum likelihood estimators of unknown parameters under the kth-level
multivariate model, k > 3, with the dispersion matrix D()) = ¥, @ --- @ ¥, @ I,
W, . W, unknown, have the forms

X = (BU'BRAA) (BT 'gA)YS;'B (B,S;'B))"
+(B'ET 2@ A')°Z, + (BE 2 @ A")Z,BY
¥, = {Y - (B A)XB Y@ eL){Y - (B A)XB,}
nq®, = Tr, |[{Y — (B® A)XB}U7H{Y — (B® A)XB,Y
with B = @2, By, ¥ = ¥2 © @i Wi, p=ps- Pr-1, 4 = pips- - pi1 and

h = p3---pr_1n, where matrix S5 = Y/(\fl_l/2 ® IH)Q(@,UZB@A)(@_VQ ®1,)Y is
p.d., and 7\, 7, are arbitrary matrices.
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Tensor of order k > 3

Theorem

The maximum likelihood estimators of unknown parameters under the
kth-level multivariate model, k > 3, with the dispersion matrix

D(Y) = Q ®1,, have the forms

X = (AA)"AYS;{(CoB){(C'@B)S; (CoB)}~
+(A)°Z; + A'Z5(C' @ B')?,
nQ = S+ Qoenis; Y PaYQeypsits

with C® B = ®'_, B, Ss = Y'Q,Y is p.d. matrix and Z,, Z, are
arbitrary matrices.
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