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Vector of observations

n – the number of independent objects, for which we measure a feature

y =


Y1
Y2
...
Yn

 ∼ Nn(µ, σ
2In)

µ – mean vector: µ = µ1n

µ = Aγ, A : n× n1
σ2 – variance of observations
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Matrix of observations

n – number of independent objects
p – number of observed characteristics

yi =


Y1i
Y2i
...
Yni

 ∼ Nn(µ, σ
2In)
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Matrix of observations

n – number of independent objects
p – number of observed characteristics

Y =


Y11 Y12 · · · Y1p
Y21 Y22 · · · Y2p

...
... . . . ...

Yn1 Yn2 · · · Ynp



∼ Nn,p(M, In,Ψ)

M – mean matrix

Ψ – dispersion matrix of characteristics (the same for each object)
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... . . . ...
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M = (µ11n, . . . , µp1n) = µ′ ⊗ 1n

M = AΓ, A : n× n1
M = AXB′, A : n× n1, B : p× p1

K. Filipiak (IM, PUT) Estimation in multi-level multivariate model MET 2019 5 / 42



Matrix of observations

n – number of independent objects
p – number of observed characteristics

Y =


Y11 Y12 · · · Y1p
Y21 Y22 · · · Y2p

...
... . . . ...

Yn1 Yn2 · · · Ynp

 ∼ Nn,p(M, In,Ψ)

M = (µ11n, . . . , µp1n)

= µ′ ⊗ 1n

M = AΓ, A : n× n1
M = AXB′, A : n× n1, B : p× p1

K. Filipiak (IM, PUT) Estimation in multi-level multivariate model MET 2019 5 / 42



Matrix of observations

n – number of independent objects
p – number of observed characteristics

Y =


Y11 Y12 · · · Y1p
Y21 Y22 · · · Y2p

...
... . . . ...

Yn1 Yn2 · · · Ynp

 ∼ Nn,p(M, In,Ψ)

M = (µ11n, . . . , µp1n) = µ′ ⊗ 1n

M = AΓ, A : n× n1
M = AXB′, A : n× n1, B : p× p1

K. Filipiak (IM, PUT) Estimation in multi-level multivariate model MET 2019 5 / 42



Matrix of observations

n – number of independent objects
p – number of observed characteristics

Y =


Y11 Y12 · · · Y1p
Y21 Y22 · · · Y2p

...
... . . . ...

Yn1 Yn2 · · · Ynp

 ∼ Nn,p(M, In,Ψ)

M = (µ11n, . . . , µp1n) = µ′ ⊗ 1n

M = AΓ

, A : n× n1
M = AXB′, A : n× n1, B : p× p1

K. Filipiak (IM, PUT) Estimation in multi-level multivariate model MET 2019 5 / 42



Matrix of observations

n – number of independent objects
p – number of observed characteristics

Y =


Y11 Y12 · · · Y1p
Y21 Y22 · · · Y2p

...
... . . . ...

Yn1 Yn2 · · · Ynp

 ∼ Nn,p(M, In,Ψ)

M = (µ11n, . . . , µp1n) = µ′ ⊗ 1n

M = AΓ, A : n× n1

M = AXB′, A : n× n1, B : p× p1

K. Filipiak (IM, PUT) Estimation in multi-level multivariate model MET 2019 5 / 42



Matrix of observations

n – number of independent objects
p – number of observed characteristics

Y =


Y11 Y12 · · · Y1p
Y21 Y22 · · · Y2p

...
... . . . ...

Yn1 Yn2 · · · Ynp

 ∼ Nn,p(M, In,Ψ)

M = (µ11n, . . . , µp1n) = µ′ ⊗ 1n

M = AΓ, A : n× n1
M = AXB′

, A : n× n1, B : p× p1

K. Filipiak (IM, PUT) Estimation in multi-level multivariate model MET 2019 5 / 42



Matrix of observations

n – number of independent objects
p – number of observed characteristics

Y =


Y11 Y12 · · · Y1p
Y21 Y22 · · · Y2p

...
... . . . ...

Yn1 Yn2 · · · Ynp

 ∼ Nn,p(M, In,Ψ)

M = (µ11n, . . . , µp1n) = µ′ ⊗ 1n

M = AΓ, A : n× n1
M = AXB′, A : n× n1, B : p× p1

K. Filipiak (IM, PUT) Estimation in multi-level multivariate model MET 2019 5 / 42



Matrix of observations - vectorization

n – number of independent objects
p – number of observed characteristics

vecY =
(
y′1, . . . ,y

′
p

)′

∼ Nnp(vecM, Ψ⊗ In)

M = µ′ ⊗ 1n: vecM = µ⊗ 1n

M = AΓ: vecM = (Ip ⊗A)vecΓ

M = AXB: vecM = (B⊗A)vecX
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Tensor of observations

n – number of independent objects
p – number of observed characteristics
q – number of time points

Yj =


Y11j Y12j · · · Y1pj
Y21j Y12j · · · Y2pj

...
... . . . ...

Yn1j Yn2j · · · Ynpj

 ∼ Nn,p(M, In,Ψ)
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Tensor of observations

Visualization of a third-order tensor Y ∈ Rn×p×q
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Tensor of observations

n – number of independent objects
p – number of observed characteristics
q – number of time points

Y ∼ Nn,p,q(M, In,Ψ,Σ)

M – tensor of means

Ψ – dispersion matrix of characteristics (the same for each object and
each time point)

Σ – dispersion matrix of time points (the same for each object and
each characteristic)
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Tensor of observations

n – number of independent objects
p – number of observed characteristics
q – number of time points

Y ∼ Nn,p,q(M, In,Ψ,Σ)

M = [[X ; A,B,C]]

A : n× n1, B : p× p1, C : q × q1
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Tucker operator [[X ;A,B,C]]

[[X ; A,B,C]] – trilinear tensor product X from each of three ”sides”
respectively by matrices A ∈ Rn×n1, B ∈ Rp×p1, C ∈ Rq×q1:

([[X ; A,B,C]])kij =

n1∑
α=1

p1∑
β=1

q1∑
γ=1

akαbiβcjγxαβγ
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Vizualization of Tucker operator for third-order tensor
Y ∈ Rn×p×q

n

p

q

E(Y)
n

n1

A
n1

p1

q1
X p1

p

B′

q1 q

C′
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Tensor of observations - vectorization

n – number of independent objects
p – number of observed characteristics
q – number of time points

Y ∼ Nn,p,q(M, In,Ψ,Σ)

vecY ∼ Nnpq(vecM, Σ⊗Ψ⊗ In)

vecY ∼ Nnpq((C⊗B⊗A)vecX , Σ⊗Ψ⊗ In)

vecY ∼ Nnpq((C⊗B⊗A)vecX , Ω ⊗ In)
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Vectorization

Definition [Kolda and Bader (2009)]
For the thir-order tensor Y = (ykij), k = 1, . . . , n, i = 1, . . . , p,
j = 1, . . . , q, vectorization is defined as

vecY =
n∑
k=1

p∑
i=1

q∑
j=1

ykij ej,q ⊗ ei,p ⊗ ek,n,

with er,s being rth column of identity matrix Is.
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Example

Variable: temperature

n - number of lakes

p - number of depths, in which temperature is measured

q - number of time points, in which temperature is measured
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Example

Assumptions:

polynomial trend of p1 − 1 order for the depth

polynomial trend of q1 − 1 order for time

Model (Srivastava et al., 2009): E(Yi) = BXC′

E(Y) = [[X ; 1n,B,C]] , X : 1× p1 × q1

B =


1 b1 · · · bp1−1

1

1 b2 · · · bp1−1
2

...
... . . . ...

1 bp · · · bp1−1
p

 , C =


1 c1 · · · cq1−1

1

1 c2 · · · cq1−1
2

...
... . . . ...

1 cq · · · cq1−1
q
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Example

Assumptions:

polynomial trend of p1 − 1 order for the depth

polynomial trend of q1 − 1 order for time

additional trend between lakes, which depends on location
(north/south of Sweden)

Model:
E(Y) = [[X ; A,B,C]] , X : n1 × p1 × q1

A = diag
(
1u1

,1u2
, . . . ,1un1

)
,

n1∑
i=1

ui = n
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Multi-level multivariate model

Y ∼ Nn,p,q([[X ; A,B,C]] , In,Ψ,Σ)

vecY ∼ Nnpq((C⊗B⊗A)vecX , Σ⊗Ψ⊗ In)

Σ ∈ Rq×q – unknown matrix (p.d.)

Ψ ∈ Rp×p, Ψ11 = 1 – known or unknown matrix (p.d.)

vecY ∼ Nnpq((C⊗B⊗A)vecX , Ω⊗ In)

Ω ∈ Rpq×pq – unknown matrix (p.d.)
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Partial trace operator

R = (Rij) ∈ Rnp×np

, Rij ∈ Rn×n

TrnR = (trRij) ∈ Rp×p

The properties of partial trace operator – see

Filipiak, Klein and Vojtková (2018)
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Notation

G : m1 × m2

R(G) - column space of G
R⊥(G) - orthogonal complement of R(G)

PG = G(G′G)−G′ - orthogonal projection matrix onto R(G)
QG = Im1 −PG - orthogonal projection matrix onto R⊥(G)

H : m1 ×m1 - arbitrary symmetric matrix p.d.

PG;H = G(G′HG)−G′H
QG;H = I−PG;H

Go arbitrary matrix spanning R⊥(G)

Properties: QHG = PH−1Go , QG;H = P′Go;H−1
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D(Y) = Σ⊗Ψ⊗ In, Ψ - known
Theorem
The maximum likelihood estimators of unknown parameters in the multi-level
multivariate model with known Ψ have the forms

X̂ =
[[
Y ; (A′A)−A′, (B′Ψ−1B)−B′Ψ−1, (C′S−1

1 C)−C′S−1
1

]]
+Q

−
[[
Q; (A′A)−A′A, (B′Ψ−1B)−B′Ψ−1B, (C′S−1

1 C)−C′S−1
1 C

]]
npΣ̂ = S1 + QC;S−1

1
S2Q

′
C;S−1

1

with

S1 = Trnp

[
{Iq ⊗ (Ψ−1/2 ⊗ In)Q(Ψ−1/2B⊗A)(Ψ

−1/2 ⊗ In)}vecYvec′Y
]

S2 = Trnp

[
{Iq ⊗ (Ψ−1/2 ⊗ In)P(Ψ−1/2B⊗A)(Ψ

−1/2 ⊗ In)}vecYvec′Y
]

being p.d. matrices and Q is an arbitrary third-order tensor.
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The maximum likelihood estimators of unknown parameters in the multi-level
multivariate model with known Ψ have the forms[[

X̂ ; A,B,C
]]

=
[[
Y ; PA,PB;Ψ−1 ,PC;S−1

1

]]
npΣ̂ = S1 + QC;S−1

1
S2Q

′
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1
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D(Y) = Σ⊗Ψ⊗ In, Ψ - unknown

Theorem
The maximum likelihood estimators of unknown parameters in the multi-level multivariate model with
unknown Ψ such that ψ11 = 1 have the forms

X̂ =
[[
Y; (A′A)−A′, (B′Ψ̂−1B)−B′Ψ̂−1, (C′S−1

3 C)−C′S−1
3

]]
+Q

−
[[
Q; (A′A)−A′A, (B′Ψ̂−1B)−B′Ψ̂−1B, (C′S−1

3 C)−C′S−1
3 C

]]
npΣ̂ = S3 + QC;S−1

3
S4Q

′
C;S−1

3

nqΨ̂ = S5

with
S3 = Trnp[{Iq ⊗ (Ψ̂−1/2 ⊗ In)Q(Ψ̂−1/2B⊗A)(Ψ̂

−1/2 ⊗ In)}vecYvec′Y]
S4 = Trnp[{Iq ⊗ (Ψ̂−1/2 ⊗ In)P(Ψ̂−1/2B⊗A)(Ψ̂

−1/2 ⊗ In)}vecYvec′Y]

being p.d. matrices and S5 =
∑q

k=1

∑q
`=1 Trn(sk`Γ̂k`), where sk` and Γ̂k` are respectively (k, `)th

element of Σ̂
−1

and np× np block of a matrix

vec(Y −
[[
X̂ ;A,B,C

]]
)vec′(Y −

[[
X̂ ;A,B,C

]]
),

while Q is an arbitrary tensor of third-order.
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D(Y) = Σ⊗Ψ⊗ In, Ψ - unknown
Theorem
The maximum likelihood estimators of unknown parameters in the multi-level
multivariate model with unknown Ψ such that ψ11 = 1 have the forms[[

X̂ ; A,B,C
]]

=
[[
Y ; PA,PB;Ψ̂−1 ,PC;S−1

3

]]
npΣ̂ = S3 + QC;S−1

3
S4Q

′
C;S−1

3

nqΨ̂ =

q∑
k=1

q∑
`=1

Trn

[(
Σ̂−1

)
k`

Γ̂k`

]
with

S3 = Trnp[{Iq ⊗ (Ψ̂−1/2 ⊗ In)Q(Ψ̂−1/2B⊗A)(Ψ̂
−1/2 ⊗ In)}vecYvec′Y ]

S4 = Trnp[{Iq ⊗ (Ψ̂−1/2 ⊗ In)P(Ψ̂−1/2B⊗A)(Ψ̂
−1/2 ⊗ In)}vecYvec′Y ]

being p.d. matrices and Γ̂k` is (k, `)th block of order np of a matrix

Γ̂ = vec(Y −
[[
X̂ ; A,B,C

]]
)vec′(Y −

[[
X̂ ; A,B,C

]]
).
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Example

Variable: temperature

n = 17 – number of lakes

u1 = 7 – north region (above 60th parallel)

u2 = 10 – south region (under 60th parallel)

p = 3 – number of depths (0.5 m, 5 m, 15 m)

q = 3 – number of time points (years 1990, 2000, 2009)
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Example

Depth 0.5 Depth 5 Depth 15
Lake 1990 2000 2009 Lake 1990 2000 2009 Lake 1990 2000 2009

1 7.7 5.1 7.4 1 7.6 5.0 7.2 1 6.9 5.0 6.8
2 15.7 11.8 11.2 2 9.9 11.8 11.0 2 8.5 12.0 10.5
3 13.2 9.4 10.8 3 11.3 9.4 10.0 3 10.1 9.3 8.5
4 15.6 12.7 12.1 4 13.4 12.7 11.8 4 12.6 12.6 11.4
5 15.0 13.0 12.9 5 14.7 12.8 12.4 5 8.9 9.6 8.2
6 18.5 16.5 19.6 6 13.7 11.5 14.5 6 5.2 4.3 4.7
7 15.6 13.5 13.3 7 9.9 12.7 12.0 7 6.4 6.3 7.6
8 15.7 18.5 19.0 8 15.6 14.9 14.6 8 14.9 13.8 13.0
9 19.2 19.0 18.3 9 15.9 17.2 16.0 9 5.6 4.9 3.8

10 19.0 15.7 16.3 10 11.0 9.5 8.8 10 6.0 4.7 3.8
11 18.4 16.7 17.6 11 11.8 12.6 11.8 11 4.8 5.4 4.1
12 17.8 15.0 15.9 12 17.1 13.5 14.3 12 8.0 4.2 4.0
13 20.2 15.7 14.6 13 14.2 15.6 13.7 13 6.2 5.0 4.6
14 18.7 16.6 15.9 14 16.4 12.5 9.7 14 8.4 6.6 6.0
15 17.5 14.3 15.9 15 16.0 14.1 14.4 15 9.2 5.8 5.7
16 18.5 16.1 15.1 16 14.5 15.5 9.5 16 8.4 5.8 5.8
17 16.2 15.1 14.2 17 16.2 15.0 13.3 17 6.9 5.2 5.3
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Example

A =

(
17 07

010 110

)

, B =

 1 0.5
1 5
1 15

 , C =

 1 0
1 10
1 19


X̂ : X̂ij1 - front slice, X̂ij2 - back slice

(
X̂ij1

∣∣ X̂ij2

)
=

(
13.949 −0.370
18.348 −0.708

∣∣∣∣∣ −0.054 0.003
−0.092 −0.001

)

Ψ̂ =

 1.000 0.381 0.015
0.381 0.988 0.185
0.015 0.185 0.574

 , Σ̂ =

 7.000 5.543 5.255
5.543 8.527 6.585
5.255 6.585 6.992
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Example(
X̂ij1

∣∣ X̂ij2

)
=

(
13.949 −0.370
18.348 −0.708

∣∣∣∣∣ −0.054 0.003
−0.092 −0.001

)

x̂111 = 13.949 – intercept for northern lakes (mean temperature at the beginning of
experiment, in 1990, at the depth 0 m)

x̂121 = −0.37 – linear trend for depth for northern lakes

x̂112 = −0.054 – linear trend for time for northern lakes

x̂122 = 0.003 – interaction between depth and time for northern lakes

Regression (d - depth, t - time):

y = 13.949− 0.37 d− 0.054 t+ 0.003 t d
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Example(
X̂ij1

∣∣ X̂ij2

)
=

(
13.949 −0.370
18.348 −0.708

∣∣∣∣∣ −0.054 0.003
−0.092 −0.001

)

x̂211 = 18.348 – intercept for southern lakes (mean temperature at the beginning of
experiment in 1990, at the depth 0 m)

x̂221 = −0.708 – linear trend for depth for southern lakes

x̂212 = −0.092 – linear trend for time for southern lakes

x̂222 = −0.001 – interaction between depth and time for southern lakes

Regression (d - depth, t - time):

y = 18.348− 0.708 d− 0.092 t− 0.001 t d
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Matricization

Model

Y ∼ Nn,p,q([[X ; A,B,C]] , In,Ψ,Σ)

Y(1) ∼ Nnp,q((B⊗A)X(1)C′, Ψ⊗ In, Σ)

Y(2) ∼ Nn,pq(AX(2)(C′ ⊗B′), In, Σ⊗Ψ)

Y(3) ∼ Nnq,p((C⊗A)X(3)B′, Σ⊗ In, Ψ)

X(1) : n1p1 × q1
X(2) : n1 × p1q1
X(3) : n1q1 × p1
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Observations - matricization

Matricization: Yi ∈ Rn×q written one under the other – we obtain
Y(1) ∈ Rnp×q
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Observations - matricization

Matricization: Yi ∈ Rn×p written:
one next to the other – we obtain Y(2) ∈ Rn×pq

one under the other – we obtain Y(3) ∈ Rnq×p
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Matricization

Model

Y ∼ Nn,p,q([[X ; A,B,C]] , In,Ψ,Σ)

Y(1) ∼ Nnp,q((B⊗A)X(1)C′, Ψ⊗ In,Σ)

Y(2) ∼ Nn,pq(AX(2)(C′ ⊗B′), In,Σ⊗Ψ)

Y(3) ∼ Nnq,p((C⊗A)X(3)B′, Σ⊗ In,Ψ)
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Matricization

Model

Y ∼ Nn,p,q([[X ; A,B,C]] , In,Ψ,Σ)

Y(1) ∼ Nnp,q((B⊗A)X(1)C′, Ψ⊗ In,Σ)
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D(Y) = Ω⊗ In

Theorem
The maximum likelihood estimator of unknown parameters under the
multi-level multivariate model Y(2) with dispersion matrix
D(Y) = Ω⊗ In have the form

X̂(2) = (A′A)−A′Y(2)S−13 (C⊗B){(C′ ⊗B′)S−13 (C⊗B)}−
+(A′)oZ1 + A′Z2(C

′ ⊗B′)o
′

nΩ̂ = S3 + QC⊗B;S−1
3

Y(2)′PAY(2)Q′
C⊗B;S−1

3

with S3 = Y(2)′QAY(2) being p.d. matrix and Z1, Z2 are arbitrary
matrices.
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Tensor of order k > 3

Y ∼ Nn,pk−1,...,p1
([[X ; A,Bk−1, . . . ,B1]] , In,Ψk−1, . . . ,Ψ1)

A ∈ Rn×n∗, Bi ∈ Rpi×p∗i – known design matrices

X ∈ Rn∗×p∗k−1×···×p∗1 – tensor of order k

Ψi ∈ Rpi×pi – known/unknown matrices p.d.
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Tensor of order k > 3

Y ∼ Nn,pk−1,...,p1
([[X ; A,Bk−1, . . . ,B1]] , In,Ψk−1, . . . ,Ψ1)

Matricization:

Y ∼ Nnpk−1...p2,p1

((
k−1⊗
i=2

Bi ⊗A

)
XB>1 ,

k−1⊗
i=2

Ψi ⊗ In,Ψ1

)
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Tensor of order k > 3

Y ∼ Nn,pk−1,...,p1
([[X ; A,Bk−1, . . . ,B1]] , In,Ψk−1, . . . ,Ψ1)

Matricization:

Y ∼ Nnpk−1...p2,p1

((
k−1⊗
i=2

Bi ⊗A

)
XB>1 ,
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Tensor of order k > 3

Theorem
The maximum likelihood estimators of unknown parameters under the kth-level
multivariate model, k > 3, with the dispersion matrix D(Y) = Ψ1 ⊗ · · · ⊗Ψk−1 ⊗ In,
Ψ1 unknown, have the forms

X̂ = (B′Ψ−1B⊗A′A)−(B′Ψ−1 ⊗A′)Y(1)S−1
4 B1(B′1S

−1
4 B1)−

+(B′Ψ−1/2 ⊗A′)oZ1 + (B′Ψ−1/2 ⊗A′)Z2B
′o′
1

npΨ̂1 = {Y − (B⊗A)X̂B′1}′(Ψ−1 ⊗ In){Y − (B⊗A)X̂B′1}

with S4 = Y′(Ψ−1/2 ⊗ In)Q(Ψ−1/2B⊗A)(Ψ
−1/2 ⊗ In)Y, B =

⊗k−1
i=2 Bi, Ψ =

⊗k−1
i=2 Ψi

and p = p2 · · · pk−1 is p.d. matrix and Z1, Z2 are arbitrary matrices.
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Tensor of order k > 3

Theorem
The maximum likelihood estimators of unknown parameters under the kth-level
multivariate model, k > 3, with the dispersion matrix D(Y) = Ψ1 ⊗ · · · ⊗Ψk−1 ⊗ In,
Ψ1,Ψ2 unknown, have the forms

X̂ = (B′Ψ̂−1B⊗A′A)−(B′Ψ̂−1 ⊗A′)YS−1
5 B1(B′1S

−1
5 B1)−

+(B′Ψ̂−1/2 ⊗A′)oZ1 + (B′Ψ̂−1/2 ⊗A′)Z2B
′o′
1

npΨ̂1 = {Y − (B⊗A)X̂B′1}′(Ψ̂−1 ⊗ In){Y − (B⊗A)X̂B′1}

nqΨ̂2 = Trh

[
{Y − (B⊗A)X̂B′1}Ψ̂−1

1 {Y − (B⊗A)X̂B′1}′
]

with B =
⊗k−1

i=2 Bi, Ψ̂ = Ψ̂2 ⊗
⊗k−1

i=3 Ψi, p = p2 · · · pk−1, q = p1p3 · · · pk−1 and

h = p3 · · · pk−1n, where matrix S5 = Y′(Ψ̂−1/2 ⊗ In)Q(Ψ̂−1/2B⊗A)(Ψ̂
−1/2 ⊗ In)Y is

p.d., and Z1, Z2 are arbitrary matrices.
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Tensor of order k > 3

Theorem
The maximum likelihood estimators of unknown parameters under the
kth-level multivariate model, k > 3, with the dispersion matrix
D(Y) = Ω⊗ In have the forms

X̂ = (A′A)−A′YS−13 (C⊗B){(C′ ⊗B′)S−13 (C⊗B)}−
+(A′)oZ1 + A′Z2(C

′ ⊗B′)o
′
,

nΩ̂ = S3 + QC⊗B;S−1
3

Y′PAYQ′
C⊗B;S−1

3
,

with C⊗B =
⊗k

i=1 Bi, S3 = Y′QAY is p.d. matrix and Z1, Z2 are
arbitrary matrices.
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